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Abstract
We investigate the regular subquotient category introduced by Soergel in [W. Soergel, On the relation
between intersection cohomology and representation theory in positive characteristic, J. Pure Appl. Algebra
152 (1–3) (2000) 311–335]. A detailed study of projective functors enables one to relate those categories
for semi-simple algebraic group G and its subgroup schemata GrT . As an application we derive some
information about the characters of tilting modules for G.
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1. Introduction
Let K be an algebraically closed field of characteristic p > 0 and let G be a semi-simple split
simply connected algebraic group over K. Fix a maximal torus T in G and a Borel subgroup
B ⊂ G containing T . Let R ⊃ R+ = −R(B,T ) be the root system of G and the subset of
positive roots, and let h be the Coxeter number of R. For every weight λ ∈ X(T ) let Kλ denote
the one-dimensional B-module of weight λ.
An important topic in the representation theory of algebraic groups is the study of simple
modules L(λ) of split semi-simple reductive algebraic groups over fields of prime characteristic.
The module L(λ) appears as the simple socle of the induced representation H 0(λ) = indGB Kλ.
(If λ is non-dominant then L(λ) is zero. However simple GrT -modules can have non-dominant
highest weights.) The character of the module H 0(λ) is known. So the character of L(λ) can be
determined from the multiplicities [H 0(λ) : L(μ)] for λ, μ ∈ X(T ).
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the Jantzen region was conjectured by Lusztig in [11]. Combined with the Steinberg Tensor
Product Theorem this gives the characters of all simple G-modules if p > 2h− 2. This problem
has attracted the attention of many researchers. An outstanding result in this area is the proof
of Lusztig’s conjecture for fields of sufficiently large (unspecified) characteristic by Andersen,
Jantzen and Soergel in [2].
An important special case of the discussed problem was considered by Soergel in [17]. He
has introduced a category O, which is a subquotient category of G-mod; so called “regular sub-
quotient around the Steinberg point.” This category carries information about the multiplicities
[H 0(st+xρ) : L(st+yρ)] for x, y ∈ W where W is the Weyl group of G, ρ is half the sum of
positive roots of R, and st = (p − 1)ρ is the Steinberg weight. If p > h, then the validity of the
Lusztig conjecture over K in this case follows from the decomposition theorem for B-equivariant
intersection cohomology sheaves on flag varieties with coefficients in K (at the moment this the-
orem is only available for charK  0).
Another aspect of the representation theory of algebraic groups in prime characteristic is the
study of tilting modules. This problem has applications to the study of representation theory of
the symmetric group Sn in prime characteristic. For example, from the characters of indecom-
posable tilting modules for the general linear groups one can derive the dimensions of the simple
Sn-modules, see [12,16]. There is no general conjecture about the characters of tilting modules at
the moment. For the lowest p2-alcove it is conjectured by Andersen [1] that the tilting modules
have the same character as their quantum analogue. However a general analogue of the Steinberg
Tensor Product Theorem is missing for tilting modules, thus at the moment it is impossible to
obtain the character of a general tilting module from those in the lowest p2-alcove. The ideas
of Soergel can also be helpful in this situation. The “regular subquotient around the Steinberg
point” captures the behaviour of translations of tilting modules “locally.” So one is still able to
derive some information about their characters (see Theorem 3).
It is known that the behaviour of tilting modules “near” the walls of the dominant chamber
is different from those which are “far” from the walls. Soergel’s results can not be directly ap-
plied to study simple modules and tilting modules which are “near” the wall of the dominant
chamber.
In this paper we continue the investigation of Soergel’s “regular subquotient” O in a more
general context. Firstly, we enable taking subquotients around arbitrary points λ ∈ X(T ) (in par-
ticular on the walls of the dominant chamber). Secondly, we study not only rational represen-
tations of G but also representations of the Frobenius kernels Gr . Following Soergel we define
subquotient categories OG,λ for λ ∈ X(T ) when G is either the group G itself or the algebraic
group GrT (the subgroup scheme of G generated by the r th Frobenius kernel and the torus T ,
see [8]).
We look closely at projective and translation functors on these categories. As it was shown
in [10], the careful study of such functors provides a description of an important class of functors
which naturally commute with projective functors. Moreover, these functors carry combinatorial
information about the structure of the category in question. See Section 2 for a recollection of
definitions and results from [10]. To formulate the first result of the paper we need the following
definition:
Definition 1. A G-module E is said to be a module with small weights if |〈ν,αˇ〉| < 2p − 2h for
all α ∈R+ and ν ∈ X(T ) such that Eν = 0.
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OG,λ which will be denoted by E ⊗λ − (see Lemma 2 for details).
Theorem 1. Assume that p > 2h. For λ ∈ X(T ) the category OG,λ with all direct summands of
the functors
{
E ⊗λ − | E is a G-module with small weights
}
is a category with projective functors. The evaluation on the dominant object is a bijection be-
tween isomorphism classes of indecomposable projective functors on OG,λ and indecomposable
projective objects in OG,λ.
This theorem enables one to define for the category OG,λ analogues of many classical func-
tors on Bernstein–Gelfand–Gelfand category O (e.g., Joseph and Enright completion functors,
Zuckermann functors, Arkhipov functors) and establish their main properties.
In this paper we utilise two actions of the Weyl group W of R on X(T ): the standard action
λ 
→ wλ and the twisted “dot” action λ 
→ w · λ = w(λ + ρ) − ρ. The affine Weyl group Wp is
the subgroup of the group of affine transformations of X(T ) generated by {w · − | w ∈ W } and
by translations by elements from pZR.
To formulate the next result we have to introduce some notations. Fix a Borel subgroup Bˇ
in the complex semi-simple algebraic group Gˇcorresponding to the dual root system R .ˇ For a
simple reflection s ∈ W let Psˇ ⊂ Gˇ be the minimal parabolic subgroup corresponding to s. Let
πs denote the projection G/ˇBˇ→ G/ˇPsˇ. We say that p is very good for G if, for all x ∈ W and all
simple reflections s such that xs > x, the right derived direct image under πs of the intersection
cohomology sheaves with coefficients in K on B xˇB /ˇBˇ is semi-simple. In [17, Corollary 1.0.3]
it was shown, that for p > h this condition is equivalent to the validity of Lusztig conjecture in a
special case. Note that for a fixed group G all but finitely many primes are very good.
Theorem 1 can be applied to obtain the next important result of the paper. This is a description
of the category OG,λ for general λ ∈ X(T ).
Theorem 2. Assume that p > 2h is very good for G. Let λ ∈ X(T ) be such that λ+ρ is dominant,
Ws = StabWp λ, and Wp be the subgroup of Ws generated by the reflections r with respect to a
wall of the alcove containing λ+ρ, such that r(λ+ρ) is non-dominant. Then the transformation
matrices between simple, standard, projective and tilting bases in the Grothendieck group of the
categoryOG,λ are the same as for a regular block of the parabolic subcategoryOp of Bernstein–
Gelfand–Gelfand category O for a semi-simple complex finite-dimensional Lie algebra f with
Weyl group Ws and a parabolic subalgebra p ⊂ f corresponding to Wp ⊂ Ws .
Note, that if λ+ ρ is not dominant, then ObOG,λ = ∅.
Proof. In [17] Soergel gave a combinatorial description of the categoryOG,st (st is the Steinberg
weight). If p > h is very good for G this description coincides with the similar description of
Bernstein–Gelfand–Gelfand category O (it follows from [17, Corollary 1.0.3]). The statement
for the other weights and parabolic block can be reduced to OG,st using Theorem 6. 
Finally we provide some information about the characters of the tilting modules for G. Let
L= Z[v, v−1] be the ring of Laurent polynomials in indeterminate v and let UL be the Lusztig
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pth root of 1. By Uq we denote the algebra UL ⊗L C, here the action of v ∈ L on C is given
by the multiplication with q . For a dominant λ ∈ X(T ) let Lq(λ) (respectively q(λ), ∇q(λ),
Tq(λ)) denotes the simple (respectively Weyl, dual Weyl, indecomposable tilting) Uq -module
with highest weight λ. The tilting G-module T (λ) can be deformed to a Uq -module T (λ)q
(see [1] for some details and further references).
Theorem 3. Assume that p > 2h is very good for G, and that μ ∈ X(T ) is dominant. Then
chT (μ)q equals to chTq(μ) + chM , where M is a direct sum of tilting Uq -modules Tq(ν) with
highest weight ν, such that the intersection of the closures of the facets containing μ and ν does
not contain an integral weight.
The characters of the tilting Uq -modules are known by [2,16]. A related result was recently
obtained by Rasmussen [13]. In the irreducible simply laced case he has determined the coeffi-
cients of indecomposable tilting modules with highest weight belonging to the second cell when
writing Weyl characters as a linear combination of indecomposable tilting characters.
The paper is organised as follows: After introducing necessary notations and recollecting
some facts from representation theory in Section 2, we present (a slightly modified) Soergel’s
definition of the category O for algebraic groups and study projective functors on it in Section 3.
The relations between these categories are studied in Section 4. The proof of Theorem 3 is
presented in Section 5.
2. Preliminaries
We start by recalling some facts from the representation theory of algebraic groups. Let g be
the Lie algebra of G with a triangular decomposition g = g− ⊕ h ⊕ g+, such that h = Lie(T )
and g− ⊕ h = Lie(B). For a positive integer r let Gr denote the r th Frobenius kernel of G. Let
G denote either the group G itself or the algebraic subgroup scheme GrT ⊂ G generated by
Gr and T . Let B := B ∩ G and let Dist(G) be the algebra of distributions of G (see, e.g., [2,8]).
The algebra Dist(G), viewed as a Lie algebra with canonical commutator, contains g as a Lie
subalgebra. The choice of a Borel subgroup B ⊂ G or a triangular decomposition of g provides a
decomposition of Dist(G) into a tensor product of subalgebras Dist(G) = Dist(G)− ⊗ Dist(T )⊗
Dist(G)+. Moreover Dist(G) is a bialgebra with comultiplication given by x 
→ x ⊗ 1 + 1 ⊗ x
for x ∈ g ⊂ Dist(G). The algebra Dist(G)opp is isomorphic to Dist(G). The isomorphism can
be normalised, so that x 
→ −x for x ∈ g. As a consequence, every Dist(G)-bimodule U can
be viewed as Dist(G)-module with adjoint action x · u = xu − ux, for u ∈ U and x ∈ g. This
bimodule will be denoted by U ad. For any Dist(G)-module M there is a natural map of Dist(G)-
modules Dist(G)ad → EndK(M)ad given by the structure map.
By G-mod we will denote the category of all finite-dimensional rational representations of the
algebraic group G. For λ ∈ X(T ) let Kλ be a 1-dimensional B-module defined by the character λ.
Put ∇(λ) := indGB(Kλ) (see [8, I.3]). The module ∇(λ) is an object of G-mod. Moreover it has
a simple socle denoted by L(λ). The category G-mod has a duality ∗ which sends a G-module
to its dual with G-action twisted by Chevalley involution. We put (λ) to be the module with
highest weight λ isomorphic to the dual of some ∇(λ′). For a T -module M and λ ∈ X(T ) let Mλ
be the λ-weight space of M . Let T (λ) denote the indecomposable tilting G-module with highest
weight λ (see [6]).
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and μ λ. The category G-mod is a sum of finite number of indecomposable blocks. For λ,μ ∈
X(T ) the modules L(λ) and L(μ) belong to the same indecomposable block if and only if
λ ∈ Wp ·μ.
For an abelian category A and a Serre subcategory N ⊂ A the quotient category A/N is
defined as follows. The objects of the quotient category A/N are the objects of A, and the
morphisms are defined by
HomA/N (M,N) = lim
U,I
HomA(U, I )
where the limit goes over all subobjects i :U → M and all quotients p :N → I such that both
kerp and coker i belong to N .
Let us now briefly recall the main results of [10].
Definition 2. A category with full projective functors is an abelian category A together with an
object M ∈ Ob(A) (the dominant object) and a collection of right exact and additive endofunctors
Pi , i ∈ I (the projective functors), closed under taking direct sums and compositions of functors
such that:
(PF1) The identity functor IdA is a projective functor.
(PF2) For every i ∈ I the object Pi (M) is projective in A.
(PF3) For every N ∈ Ob(A) there exist a projective functor PN and an epimorphism fN :
PN(M)N .
(PF4) For all i, j ∈ I the evaluation map
evM : HomFunct(Pi ,Pj ) → HomA
(Pi (M),Pj (M)
)
is surjective.
Let A¯= (A,M, {Pi | i ∈ I}) be a category with full projective functors. By EA¯ we will denote
the category of projective functors of A¯. LetA′ be another abelian category. By Hom(A′,A′) we
denote the category of endofunctors onA′. A functor F :EA¯ → Hom(A′,A′) is called admissible
if it is additive, F(IdA) = IdA′ , F(Pi ) is right exact, additive and F(Pi ◦Pj ) = F(Pi )◦F(Pj ) for
all i, j ∈ I . For example, ifA=A′ then the identity functor on Hom(A,A) is always admissible.
Fix a category with full projective functors A¯= (A,M, {Pi | i ∈ I}), an abelian category A′
and an admissible functor F :EA¯ → Hom(A′,A′) for the rest of this section.
Definition 3. A functor G :A→A′ naturally F-commutes with projective functors if there exists
a collection of isomorphisms of functors CGi :F(Pi )◦G → G◦Pi , i ∈ I , such that for all i, j ∈ I
and t ∈ HomFunct(Pi ,Pj ) the following diagram commutes:
F(Pi ) ◦G
F(t)◦G
CGi
F(Pj ) ◦G
CGj
G ◦Pi G◦t G ◦Pj .
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P2 ∈ EA¯ and for all natural transformations t :P1 → P2 the equality tM = 0 implies F(t)N = 0.
The following theorem is a reformulation of some results of [10].
Theorem 4. Let A¯, A′ and F be as above. There exists a faithful functor L from the full subcat-
egory consisting of quasi-dominant objects in A′ to the category of right exact additive functors
from A to A′ such that, for any quasi-dominant object N ∈ Ob(A′), we have L(N)(M) = N .
The functor L induces a bijection between isomorphism classes of quasi-dominant objects in A′
and isomorphism classes of right exact additive functors from A to A′ which naturally commute
with projective functors.
3. CategoryO and projective functors
Fix λ ∈ X(T ). Let us now introduce the following categories (see [17]):
CG,λ := {M ∈ G-mod ∣∣ [M : L(μ)] = 0 ⇒ μ ↑ (λ+ ρ)},
NG,λ := {M ∈ CG,λ ∣∣ [M : L(μ)] = 0 ∀μ ∈ λ+Wρ}
and
OG,λ := CG,λ/NG,λ.
For simplicity of notations we assume for the rest of the paper that StabWp λ is isomorphic to
the finite Weyl group. The results of the paper for general λ ∈ X(T ) can be obtained in analogous
way.
For x ∈ W , let Mx (respectively Lx ) be the image of (λ + xρ) (respectively L(λ + xρ))
under the quotient functor CG,λ →OG,λ, or 0 if G = G and λ + xρ is not dominant. The object
Me is projective in OG,λ because (λ + ρ) is projective in CG,λ. The category OG,λ is an ar-
tinian abelian category with a finite number of simple objects and with enough projective objects.
The set {Lx | x ∈ W,Lx ∼= 0} is a system of representatives for isomorphism classes of simples
in OG,λ. By construction one has Lx = Mx/ radMx . Let Px be projective cover of Lx in OG,λ.
The category CG,λ with the partial order on the set of simple objects induced by ↑ and standard
objects (λ) is a representation category of a quasi-hereditary algebra (see [5] for generali-
ties on quasi-hereditary algebras and [6] for details specific to algebraic groups). The quotient
functor CG,λ → OG,λ is exact, thus the category OG,λ is also a representation category of a
quasi-hereditary algebra with Mx , x ∈ W as standard objects.
Lemma 1. If p > h then for all w ∈ W the image of the indecomposable tilting G-module T (λ+
wρ) under the quotient functor CG,λ → OG,λ is an indecomposable tilting module. It will be
denoted by Tw .
Remark 1. This lemma holds also for tilting GrT -modules. Since some components of the proof
are available in the literature only for G, we will restrict our attention to this case.
Proof. The image of a tilting module has a filtration by standard and costandard modules, and
hence is again a tilting module. Let us prove that it is indecomposable. Suppose for some w ∈ W
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there exist non-trivial homomorphisms ψ :Mw′ → Tw and φ :Tw → M∗w′ such that φψ = 0.
By definition of CG,λ, the morphism ψ is represented by a morphism ψˆ :(λ + w′ρ) →
T (λ+wρ)/N for some submodule N ⊂ T (λ+wρ) with N ∈NG,λ. It follows from our assump-
tions on p that the weights of N are not greater than λ+w′ρ. Thus, by the universal property of
(λ+w′ρ), the homomorphism ψˆ can be lifted to a non-zero homomorphism ψ˜ :(λ+w′ρ) →
T (λ + wρ). Dually one constructs a lift of φ to a morphism φ˜ :T (λ + wρ) → ∇(λ + w′ρ) such
that φ˜ψ˜ = 0. By [1, Proposition 2.5], the tilting module T (λ+w′ρ) is a summand of T (λ+wρ).
This contradicts our assumptions. 
For μ ∈ X(T ) let Pr(μ) :G-mod → G-mod be the projection onto the block of G-mod contain-
ing (μ).
Lemma 2. Let E be a G-module with small weights.
(1) The functor Pr(λ+ρ)(E ⊗ −) defines a functor on the quotient category OG,λ (which will be
denoted by E ⊗λ −).
(2) The object E ⊗λ Me is projective in OG,λ.
(3) If E∗2ρ = 0 then every simple object of OG1T ,λ is a quotient of E ⊗λ Me.
Proof. For x ∈ W the highest weights of the simple subquotients of the module L(λ + xρ) ⊗E
are of the form λ+xρ+ν for some weight ν smaller than the highest weight of E. If λ+xρ+ν =
λ + pη + yρ for some y ∈ W and η from the positive part of the root lattice, then, from our
restrictions on E it follows, that 〈η,αˇ〉 1 for all α ∈R+. Thus there exists a 1-alcove whose
closure contains both η and 0. The closure of each 1-alcove contains exactly one point from the
root system (see, e.g., [4]), thus η = 0. In particular this means that both CG,λ and NG,λ are
invariant under Pr(λ+ρ)(E ⊗ −). This implies the first statement.
Since Pr(λ+ρ) is right and left adjoint to itself, the functor
HomG
(
Pr(λ+ρ)
(
E ⊗(λ+ ρ)),−
) = HomG
(
(λ+ ρ),E∗ ⊗ Pr(λ+ρ)(−)
)
is exact. The simple quotients of Pr(λ+ρ)(E ⊗ (λ + ρ)) are of the form L(λ + xρ) for x ∈ W .
Since they do not belong toNG,λ, the functor HomOG,λ (Pr(λ+ρ)(E⊗(λ+ρ)),−) is a quotient
of the functor HomG(Pr(λ+ρ)(E ⊗(λ+ ρ)),−). In particular the functor
HomOG,λ
(
Pr(λ+ρ)
(
E ⊗(λ+ ρ)),−
)
is right exact, thus E ⊗λ Me is projective.
The conditions on E in (3) guarantee that E∗ρ−xρ = 0 for all x ∈ W . This implies
HomOG,λ
(
E ⊗λ Me,Lx
) = HomOG,λ
(
Me,E
∗ ⊗λ Lx
) = 0.
The lemma follows. 
To proceed we need the following technical result.
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sided ideal contained in the kernel of the structure map Dist(G) → EndK(M). A homomorphism
f :E⊗M → F ⊗M can be lifted to a morphism of bimodules E⊗Dist(G)/I → F ⊗Dist(G)/I
if and only if it is contained in the image of the map
HomG
(
E ⊗ F ∗,Dist(G)ad/I) → HomG
(
E ⊗ F ∗,EndK(M)ad
) = HomG(E ⊗M,F ⊗M)
induced by the structure map.
Proof. One has
HomDist(G)−Dist(G)
(
E ⊗ Dist(G)/I,F ⊗ Dist(G)/I)
= HomDist(G)−Dist(G)
(
F ∗ ⊗E ⊗ Dist(G)/I,Dist(G)/I)
= HomG
(
F ∗ ⊗E,Dist(G)ad/I).
On the other hand
HomG(E ⊗M,F ⊗M) = HomG
(
F ∗ ⊗E,EndK(M)ad
)
.
The lemma follows. 
When we were dealing with representations of the Lie algebra g over C in [10], we required
the map U(g) → EndC(M)adf to be surjective. This condition is satisfied for example by Verma
modules (see, e.g., [9]). However for an associative finite-dimensional algebra A over K the
structure map A → EndK(M) is surjective if and only if M is simple as A-module (see [7] for
details on representations of finite-dimensional algebras). To be able to overcome this difficulty
we need the following ingredient from the finite-dimensional representation theory.
Lemma 4. Let A be a finite-dimensional associative algebra over K, L be a simple left A-mod-
ule and P be a projective A-module with top and socle both isomorphic to L. Then the map
φ :A → HomK(P,L) given by the structure map A → EndK(P ) followed by the natural epi-
morphism EndK(P ) → HomK(P,L) is surjective.
Proof. The vector space HomK(P,L) has a natural structure of a right EndK(P )-module. It
can be viewed as an A-module via the structure map A → EndK(P ). From the isomorphism of
right A-modules HomK(P,L) ∼= HomK(P,K) ⊗ L it follows that rad(HomK(P,L)) equals to
{f :P → L | f (soc(P )) = 0}. Thus
M := HomK(P,L)/ rad
(
HomK(P,L)
) ∼= HomK(socP,L)
as right A-modules.
The ring A contains EndA(P ) as a (non-unital) subring. Let φ ∈ EndA(P ) be an endomor-
phism which induces the isomorphism between the top and socle of P and let z ∈ A be the
corresponding element from A. Since socP ∼= L and the action of z ∈ A on M is non-zero we
get that the induced map φ¯ :A → M ∼= EndK(L) is surjective. Thus, by Nakayama’s lemma, φ is
surjective. 
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weights. Each morphism φ :E ⊗λ Me → F ⊗λ Me in OG1T ,λ can be lifted to a natural transfor-
mation of functors φˆ :E ⊗λ − → F ⊗λ − on OG1T ,λ, so that φ is an isomorphism if and only if
φˆ is, and φ is idempotent if and only if φˆ is.
Proof. Let w0 be the longest element of W . By construction, one has a monomorphism i :Me ↪→
Pw0 . Since E ⊗λ − and F ⊗λ − are exact we get monomorphisms E ⊗λ i and F ⊗λ i. The
module F ⊗λ Pw0 is injective in OG1T ,λ, thus the morphism φ can be lifted to a morphism
φ1 :E ⊗λ Pw0 → F ⊗λ Pw0 (such that, when “restricted” to E ⊗λ Me, it induces φ). Moreover
one can choose φ1 so that it is an isomorphism (respectively idempotent) if and only if φ is.
Recall that L(λ + w0ρ) is the simple G1T -module with highest weight λ + w0ρ and P(λ +
w0ρ) is its projective cover in CG1T ,λ. The module P(λ + w0ρ) can be obtained by translating
L(λ+w0ρ) onto the facet containing λ and back to λ+w0ρ.
Assume there exists a non-trivial morphism  → P(λ + w0ρ) from some standard module
 ∈ NG1T ,λ. By adjunction one gets a non-zero morphism from a translate of  onto a 0-di-
mensional facet and back to L(λ + w0ρ). This contradicts our assumptions on p (because
this translate also belongs to NG1T ,λ). Dualizing the above argument one gets that the mod-
ule P(λ + w0ρ) has L(λ + w0ρ) as simple top and simple socle. Together with our restrictions
on E and F , we get that the map
HomG1T
(
P(λ+w0ρ),E∗ ⊗ Pr(λ+ρ)
(
F ⊗ P(λ+w0ρ)
))
→ HomOG1T ,λ
(
Pw0 ,E
∗ ⊗λ F ⊗λ Pw0
)
is bijective. Thus the morphism φ1 can be lifted to a morphism of G1T -modules φ2 : Pr(λ+ρ)(E⊗
P(λ + w0ρ)) → Pr(λ+ρ)(F ⊗ P(λ + w0ρ)) such that it is an isomorphism (respectively idem-
potent) if and only if φ is.
The restrictions on E and F imply that Pr(λ+ρ)(E ⊗ P(λ + w0ρ)) and Pr(λ+ρ)(F ∗ ⊗
Pr(λ+ρ)(E ⊗ P(λ + w0ρ))) are direct sums of copies of P(λ + w0ρ) (arguments are similar
to those in the proof of Lemma 2). Now, from the additivity of Hom and tensor product we get
C := HomG1T
(
Pr(λ+ρ)
(
E ⊗ P(λ+w0ρ)
)
,Pr(λ+ρ)
(
F ⊗ P(λ+w0ρ)
))
= HomG1T
(
F ∗ ⊗ Pr(λ+ρ)
(
E ⊗ P(λ+w0ρ)
)
,P (λ+ w0ρ)
)
= HomG1T
(
F ∗ ⊗ Pr(λ+ρ)
(
E ⊗ P(λ+w0ρ)
)
,L(λ+w0ρ)
)⊗ EndG1T
(
P(λ+w0ρ)
)
.
Under the above identification the morphism φ2 can be viewed as an element of the space
C′ := HomG1T
(
F ∗ ⊗E,HomK
(
P(λ+ w0ρ),L(λ +w0ρ)
))⊗ EndG1T
(
P(λ+ w0ρ)
)
= HomG1T
(
F ∗ ⊗E ⊗ P(λ+ w0ρ),L(λ+w0ρ)
)⊗ EndG1T
(
P(λ+ w0ρ)
) ⊃ C. (1)
Let P ′ be the maximal direct summand of F ∗ ⊗ E ⊗ P(λ + w0ρ) that does not contain P(λ +
w0ρ) as a submodule. In particular HomG1T (P ′,P (λ + w0ρ)) = 0, and, again by the additivity
of Hom and tensor product, the space C′ is equal to
HomG1T
(
F ∗ ⊗E ⊗ P(λ+ w0ρ),P (λ+w0ρ)
)
= HomG1T
(
F ∗ ⊗E,EndK
(
P(λ+w0ρ)
))
. (2)
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we get that EndG1T (P (λ + w0ρ)) is generated by the center Z1 of Dist(G1T ). Note that the ac-
tion of Dist(G1T ) on the modules in question factors through a finite-dimensional quotient. Thus,
by Lemma 4, the algebra Dist(G1T ) ⊗ Z1 surjects onto HomK(P (λ + w0ρ),L(λ + w0ρ)) ⊗
EndG1T (P (λ + w0ρ)) (the map is given by the action on P(λ + w0ρ) followed by the epimor-
phism P(λ+w0ρ) → L(λ+w0ρ)).
The trace of a module N in a module M is, by definition, the sum of images of all homomor-
phisms from N to M . The speculations above together with Eqs. (1) and (2) imply that the trace
of F ∗ ⊗E in
HomK
(
P(λ+ w0ρ),L(λ+ w0ρ)
)⊗ EndG1T
(
P(λ+ w0ρ)
)
is contained in the image of Dist(G1T )⊗Z1 under the map q⊗s, where s :Z1 → EndG1T (P (λ+
w0ρ)) is the restriction of the structural map, and
q : Dist(G1T ) → HomK
(
P(λ+w0ρ),L(λ+w0ρ)
)
is the composition of the structural map and the natural projection. In particular, by Eq. (2),
we get that φ2 is represented by a morphism from F ∗ ⊗ E to the image of Dist(G1T ) ⊗ Z1 in
EndK(P (λ +w0ρ)) under the structure map.
Let I := AnnDist(G1T ) P (λ + w0ρ). Since the action of Z1 on EndK(P (λ + w0ρ)) factors
through Dist(G1T ) we get that φ2 is in the image of the map
HomG1T
(
E ⊗ F ∗,Dist(G1T )ad/I
) → HomG1T
(
E ⊗ F ∗,EndK
(
P(λ+w0ρ)
))
.
By Lemma 3, the morphism φ2 can be lifted to a morphism of bimodules
E ⊗ Dist(G1T )/I → F ⊗ Dist(G1T )/I.
By the construction, this morphism defines a natural transformation of functors E ⊗λ − →
F ⊗λ −, which evaluates to φ on Me. 
Theorem 5. Assume that p > 2h.
(1) The category OG1T ,λ with dominant object Me and all direct summands of
{
E ⊗λ − | E is a G-module with small weights
}
is a category with projective functors.
(2) The evaluation on the dominant object is a bijection between isomorphism classes of in-
decomposable projective functors on OG1T ,λ and indecomposable projective objects in
OG1T ,λ.
Proof. From the restriction on p we get that |〈2ρ,αˇ〉| 2h = 4h − 2h < 2p − 2h. Conditions
(PF1)–(PF3) now follow from Lemma 2 and from the construction. It follows from the restric-
tions on p and from Lemma 5 that every morphism between values of projective functors on Me
can be lifted to a natural transformation of projective functors. The classification of projective
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spect to composition. The second statement follows from Lemma 5 by standard arguments. 
4. Some equivalences
For λ ∈ X(T ) let CGrT ,λp be the full subcategory of CGrT ,λ consisting of objects whose simple
quotients are L(μ) with dominant μ. Similarly one defines a full subcategoryNGrT ,λp inNGrT ,λ,
and puts OGrT ,λp = CGrT ,λp /NGrT ,λp . The category OGrT ,λp can be viewed as a subcategory of
OGrT ,λ. In what follows we investigate the relations between the categories OG,λ and OGrT ,λp .
Theorem 6. Let r ∈ N>0 and λ,μ ∈ X(T ) be such that λ− μ ∈ prZR.
(1) The categories OGrT ,λ and OGrT ,μ are equivalent.
(2) If p > 2h then the categories OG1T ,λp and OG,λ are equivalent.
(3) If p > 2h then OGrT ,λ and OG1T ,λ are equivalent.
Proof. (a) Proof of (1). Consider the trivial GrT -module Kλ−μ. It is obvious that the functor
− ⊗ Kλ−μ provides an equivalence of CGrT ,μ (respectively NGrT ,μ) and CGrT ,λ (respectively
NGrT ,λ) with an inverse − ⊗ Kμ−λ.
(b) Proof of (2) for λ far from the walls (such thatOG1T ,λp =OG1T ,λ). Consider the restriction
functor res := resGG1T . This functor is faithful and, by our construction,
res
(CG,λ) ⊂ CG1T ,λ and res(NG,λ) ⊂NG1T ,λ.
Thus res defines a faithful functor resO :OG,λ →OG1T ,λ.
Let 1(λ + ρ) be the standard G1T -module with the highest weight λ + ρ. Let E and F be
two finite-dimensional G-modules with small weights.
Since CG1T ,λ is artinian with enough projective objects, the quotient functor CG1T ,λ →
OG1T ,λ has a right adjoint functor (such that its composition with the quotient functor is isomor-
phic to the identity functor on OG1T ,λ). Thus an arbitrary endofunctor on OG1T ,λ can naturally
be lifted to CG1T ,λ. Similarly, the inclusion functor CG1T ,λ → G1T -mod has both a left and a
right adjoint functors, thus endofunctors on CG1T ,λ can naturally be lifted to endofunctors on
G1T -mod. All together, we get an inclusion
A := HomFunct(E ⊗ −|OG1T ,λ ,F ⊗ −|OG1T ,λ)
↪→ HomDist(G1T )−Dist(G1T )
(
E ⊗ Dist(G1T ),F ⊗ Dist(G1T )
) =: A′.
The functor − ⊗Dist(G1T ) Dist(G) defines an additive 2-functor from the category of endofunctors
on CG1T ,λ of type E⊗− with E as above to the category of right exact endofunctors on Dist(G)-
mod. In particular, it provides a map
u :A′ → HomDist(G1T )−Dist(G)
(
E ⊗ Dist(G),F ⊗ Dist(G)) =: C.
The subspace E ⊗ 1 ⊂ E ⊗ Dist(G) is a Dist(G)-submodule of (E ⊗ Dist(G))ad (under the
adjoint action). A morphism θ ∈ C is clearly determined by its restriction on E ⊗ 1. From
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Dist(G)-action if and only if it commutes with Dist(G1T )-action. Thus the space C is equal
to HomDist(G)−Dist(G)(E ⊗ Dist(G),F ⊗ Dist(G)).
Take φ ∈ A′ such that 0 = φ ⊗Dist(G1T ) 1(λ+ ρ) :E ⊗1(λ+ ρ) → F ⊗1(λ+ ρ). Con-
sider the Dist(G)-module
M := Dist(G)⊗Dist(B) Kλ+ρ.
Let us prove that u(φ)⊗Dist(G) M = 0. Define a left ideal I := AnnDistG1T 1(λ+ ρ)λ+ρ . From
our assumptions on φ we get that φ(E⊗Dist(G1T )) ⊂ F ⊗ I . On the other hand E⊗Dist(G) =
Dist(G)(E ⊗ Dist(G1T )) (as vector spaces). Thus
(
u(φ)
)(
E ⊗ Dist(G)) = Dist(G)(u(φ))(E ⊗ Dist(G1T )
) ⊂ Dist(G)(F ⊗ I ),
which implies that u(φ) ⊗Dist(G) M = 0.
By Theorem 5, the category OG1T ,λ is a category with projective functors. Since the standard
finite-dimensional Dist(G) module (λ+ ρ) is a quotient of M we get that
u(φ)⊗Dist(G) (λ+ ρ) = 0.
Thus the object Me in OG,λ (the image of (λ + ρ)) is quasi-dominant. Let M1e ∈ OG1T ,λ
be the image of 1(λ + ρ) in the quotient category. By Theorem 4, there exists a right exact
additive functor F˜ :OG1T ,λ → OG,λ such that F˜ naturally commutes with projective functors
and F˜(M1e ) = Me . Composing F˜ with resO we get a right exact additive endofunctor F on
OG1T ,λ which naturally commutes with projective functors and such that F(M1e ) = resO(Me)
is a quotient of M1e (because of the universal property of M1e ). Since E ⊗λ M1e is projective in
OG1T ,λ, every morphism ψ :E ⊗λ resO(Me) → F ⊗λ resO(Me) can be lifted to a morphism
ψ˜ :E ⊗λ M1e → F ⊗λ M1e such that F(ψ˜) = ψ . In particular this means that resO is full.
All together we have obtained a full and faithful functor resO :OG,λ →OG1T ,λ which natu-
rally commutes with projective functors and maps standard objects Mw , w ∈ W , to a quotient of
the corresponding standard objects Mw in OG1T ,λ. In particular it means that resO(Me) = M1e
(otherwise the image of Mw0 should be 0). Comparing the number of the isomorphism classes of
the indecomposable projective objects in OG,λ and in OG1T ,λ we deduce statement (2) for λ far
from the walls.
(c) Proof of (3). Using the first statement we can assume, that λ is dominant and is far from
the walls. Similarly to the second statement, we get that restriction functorsOG,λ →OGrT ,λ and
OGrT ,λ → OG1T ,λ are faithful. The composition of the two functors is an equivalence by (b),
thus the second one is full. Finally both categories have the same number of isomorphism classes
of indecomposable projective objects.
(d) Proof of (2) for general λ. The category CG,λ has finitely many projective objects. Choose
r  0 such that
HomG(P,P ′) = HomGrT (P,P ′)
for all projective objects P , P ′ in CG,λ (such r exists by [8, 9.8]). The restriction functor
resGGrT :CG,λ → CGrT ,λ and the corresponding quotient functor resO :OG,λ → OGrT ,λ are full
and faithful. By the universal property, the object Mp := resO(Me) is the quotient of the corre-
sponding object Me ∈ OGrT ,λ by the maximal subobject N whose simple quotients are simple
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functors. Since every projective object in OGrT ,λp is a direct summand of E ⊗λ Mp for some G-
module E, we get that the essential image of resO coincides withOGrT ,λp . The statement follows
form the part (3) of the theorem. 
Remark 2. If λ ∈ X(T ) is “far from the walls” (such that OG1T ,λp =OG1T ,λ), then with a modi-
fication of Soergel’s arguments from [17] one can prove the second statement of Theorem 6 for
p > h. I do not know whether it holds for p > h and general λ ∈ X(T ).
Corollary 1. Assume that p > 2h. The category OG,λ with dominant object Me and all direct
summands of
{
E ⊗λ − | E is a G-module with small weights
}
is a category with projective functors.
Proof. The proof is similar to the proof of the corresponding statement for the parabolic category
O in [10]. 
5. Proof of Theorem 3
If the statement of the theorem holds for some μ ∈ X(T ) then, by translation principle for
G-modules and for quantum groups, we get it for all μ′ from the same facet as μ. (The characters
of tilting modules are determined by the multiplicities of the Weyl modules in tilting modules.
Those multiplicities depend only on the facet.) Hence, it is enough to prove the statement for μ
in the interior of some alcove. The statement for the closure can be obtained by the translation
on the wall. The characters of T (μ)q equal to characters of Tq(μ) plus characters of some tilting
Uq -modules with highest weight smaller than μ (see, e.g., [1]).
Assume the statement of the theorem is not true, and let μ ∈ X(T ) be the minimal dominant
weight, such that there exists a dominant η ∈ Wpμ satisfying the following two conditions:
(1) (T (μ)q : q(η)) = (Tq(μ) : q(η)).
(2) There exists an integral weight λ in the intersection of the closures of the facet containing μ
and of the facet containing η.
At this point we have to note that in what follows we need the results of Sections 3 and 4 for gen-
eral integral weights. They can be obtained from those presented in the paper using the technique
provided by Soergel’s combinatorial description of the categoryO (see, e.g., [17] and references
therein). For the rest of the section we put W = StabWp λ, and let ρ be half the sum of the positive
roots corresponding to W . Translating T (μ)q within the alcove if necessary, we can assume that
μ, η ∈ λ+ Wρ. Let x, y ∈ W be such that μ = λ+ xρ and η = λ+ yρ.
A good overview of the Kazhdan–Lusztig theory is given in [14]. In what follows we will
often use notations and definitions from that paper. Let ν, ν′ ∈ X(T ) be two dominant weights
contained in the interior of the alcoves A, respectively B . We define na
ν,ν′ to be the parabolic
Kazhdan–Lusztig polynomials nA,B defined in [14] for W = Wp and Wf ⊂ Wp generated by
the reflections preserving 0. The formula (Tq(μ) : q(η)) = naη,μ(1) was conjectured in [14] and
proved in [16].
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the image of T (μ) in OG,λ is the indecomposable tilting module Tx , thus (T (μ) : (η)) =
(Tx : y). By Theorem 2, these multiplicities are equal to the corresponding multiplicities in the
regular (parabolic) block of Bernstein–Gelfand–Gelfand category O. In [15] the computation of
the above multiplicities was reduced to the computation of (Px′ : y′). The last are determined
in [3]. After a suitable reparametrisation, one has
(Tx : y) = np
yw−1l ,xw
−1
l
(1),
where np
w,w′ are the parabolic Kazhdan–Lusztig polynomials nw,w′ defined in [14] for W = W ,Wf ⊂ W generated by reflections s ∈ W with respect to a wall of the alcove containing λ + ρ
such that λ + sρ is not dominant and wl is the shortest coset representative of the left Wf -coset
in W containing w0. The theorem would follow by contradiction to our assumptions on μ and η,
if we prove that
n
p
yw−1l ,xw
−1
l
(1) = naλ+yρ,λ+xρ(1).
Recall that L = Z[v, v−1]. Let W0 ⊂ Wp be generated by the reflections preserving 0 and
W 0 ⊂ Wp be the set of shortest representatives of W0\Wp . Let A+ be the fundamental dominant
alcove and define wλ ∈ W 0 by the condition λ + wlρ ∈ wλA+ (this is the shortest element of
Wp such that wλA+ contains an integral dominant weight from λ + Wρ). The module N 0 over
the Hecke algebra Ha of Wp with L-basis {Nw | w ∈ W 0} defined in [14] has the following two
free L-submodules stable under duality:
C := 〈Nw | w ∈ Wp, w
(
wλ
)−1
(λ+wlρ) ↑ (λ+ ρ)
〉
and
A := 〈Nw | w ∈ Wp, w
(
wλ
)−1
(λ+wlρ) ↑ (λ+ ρ) and w
(
wλ
)−1
(λ+ wlρ) /∈ λ+ Wρ
〉
.
Let N p be the quotient C/A, and let Wp ⊂ W be generated by reflections s ∈ W with respect
to the walls of the alcove containing λ + ρ such that λ + sρ is not dominant. Let Wp ⊂ W
be the set of the shortest representatives of Wp\W . The module N p is a free L-module with
a basis {Npw | w ∈ Wp} where Npw := Nwλw +A. For w ∈ Wp the image of a selfdual element
Nwλw ∈ C in N p will be denoted by Nw . From the definition of Nwλw in [14] it follows, that
Nw ∈ Nw +∑y∈Wp vZ[v]Ny.
The Hecke algebra H of W is a subalgebra of Ha . Define the action of H on N p by
(n + A)h := (nh) + A. (Using the explicit formulas from [14] one can check, that the action
is well defined.) With respect to this action the module N p is isomorphic to the module “N ”
defined in [14] for W = W and Wf = Wp. (The choice of the parameterisation ensures that the
“Bruhat” order on the selfdual basis of N p comes from the one on N 0.) In particular the dual-
ity on N p coming from N 0 and the duality coming from the structure of H-module coincide.
Thus the decomposition of the selfdual elements Npw ∈N p in the basis {Npw | w ∈ W } coincides
with the image of the decomposition of the selfdual elements in N 0 in the basis {Nw | w ∈ Wp}.
Taking into account our parameterisation we get
n
p
−1 −1(1) = naλ+yρ,λ+xρ(1).ywl ,xwl
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